We report on the well-posedness of the Feynman problem for the Klein-Gordon equation on asymptotically Minkowski spacetimes. The main result is the invertibility of the Klein-Gordon operator with Feynman conditions at infinite times. Furthermore, the inverse is shown to coincide with the Duistermaat-Hörmander Feynman parametrix modulo smoothing terms. F 2010 Mathematics Subject Classification. 81T13, 81T20, 35S05, 35S35.
Introduction and main result
1.1. Introduction. For a hyperbolic partial differential operator P , what is the best analogue of the boundary value (−∆ + λ + i0) −1 of the Laplacian resolvent?
This question has a clear answer if P = ∂ 2 t − ∆ x + m 2 is the Klein-Gordon or wave operator on Minkowski space. Namely, if P −1 F is the Fourier multiplier by −1 τ 2 − ξ 2 − m 2 + i0 (where τ, ξ are the dual variables of t, x) then it is a formal inverse of P in the sense that on test functions, P P −1 F and P −1 F P are the identity. Furthermore, P is easily seen to be essentially self-adjoint, and it is also not very difficult to show the limiting absorption principle P −1 F = lim ε→0 + (P − iε) −1 on suitable weighted L 2 spaces (see e.g. [DS18] ). The Schwartz kernel of P −1 F is called the Feynman propagator, and plays a fundamental rôle in Quantum Field Theory. We stress that P −1 F differs from the backward and forward (or advanced and retarded) formal inverses, which are the two Fourier multipliers −1 (τ ± i0) 2 − ξ 2 − m 2 and are associated to solving P u = f with u or f vanishing in the future, resp. in the past (and which are therefore directly related to solving a Cauchy problem). The physical interpretation is best seen when writing the Schwartz kernel of P −1 in the time variables only: this yields the operator-valued kernel (1.1)
Even better, we can consider the Cauchy evolution of P and denote by H its selfadjoint generator acting on the energy space. This amounts to considering instead of P the operator
In this equivalent setting the Feynman propapagor is given by the formula
where 1 R ± is the characteristic function of the positive/negative half-line. This elucidates Feynman's original interpretation : particles (corresponding to the positive spectral subspace of H) travel towards the future, whereas anti-particles (corresponding to the negative spectral subspace of H) travel toward the past.
Let now P = −✷ g + m 2 be the wave or Klein-Gordon operator on a Lorentzian manifold (M, g). It is not difficult to imagine that the formulae (1.1) or (1.2) and the limiting absorption principle are still valid whenever the coefficients of P are t-independent in an appropriate sense, provided that the generator H has good spectral properties, see e.g. [DS18] for a systematic analysis. However, outside of this exceptional case, the problem of giving meaning to the Feynman inverse P −1 F of the wave or Klein-Gordon operator P = −✷ g + m 2 on a Lorentzian manifold (M, g) has remained open for a long time. A partial answer was provided by Duistermaat-Hörmander, who proposed a microlocal characterization of P −1 F and who constructed a parametrix, unique modulo smoothing terms [DH72] .
Recently, the idea that emerged is that if the spacetime (M, g) is not completely arbitrary, but asymptotic to Minkowski space, then an unambiguous definition of P −1 F as a Hilbert space inverse of P should be possible by imposing conditions at infinite times. In fact, in these situations the particle and anti-particle projections 1 R ± (H) still make sense for the asymptotic dynamics. With Feynman's interpretation in mind, if one uses the particle projection 1 R + (H) at t = +∞, then the corresponding anti-particle projection 1 R − (H) should be used at t = −∞. This leads to very non-local, asymptotic conditions, and an added difficulty is that even if one manages to prove invertibility on the resulting function spaces, it is not immediately clear how to check consistency with the microlocal characterisation of Duistermaat-Hörmander. In other words, one needs ways to control regularity of solutions of an inhomogeneous problem P u = f in terms of asymptotic data, and the invertibility properties are also tied to the decay at spatial infinity.
The first result on this kind of Feynman problem is due to Gell-Redman-Haber-Vasy [GHV16] , who showed the Fredholm property of the wave operator on asymptotically Minkowski spacetimes, later on improved by Vasy to yield the invertibility [Va19] . In their approach, the wave operator acts on anisotropic Sobolev spaces (with order varying in phase space), and the Fredholm property is obtained by combining propagation of singularities estimates with radial estimates at infinity (building on earlier works by Vasy [Va13] and Baskin-Vasy-Wunsch [BVW15] ). The Feynman problem is then defined by imposing decrease of the regularity along the bicharacteristic flow, and it was shown by Vasy-Wrochna that this can in fact be interpreted as a condition on data at past and future infinity in the sense of a geometric scattering theory [VW18] . In this picture, the splitting of the radial sets at infinity into sinks and sources plays the rôle of the asymptotic decomposition into particles and anti-particles. Similar arguments have also been applied to asymptotically de Sitter spaces (the Lorentzian analogue of asymptotically hyperbolic spaces) [GHV16, Va17, VW18, Wr19].
The Gell-Redman-Haber-Vasy method also allows for solving a non-linear Feynman problem [GHV16] . Closely related techniques were recently used by Hassell-Gell-Redman-Schapiro-Zhang to prove the existence of standing waves for the non-linear Helmholtz equation [GHSZ19] , and it is expected that the Feynman problem for the Klein-Gordon equation could be solved by a mixture of the techniques in the two works [GHV16, GHSZ19] .
In the present notes we report on a different method which uses time-dependent pseudo-differential operators and techniques from scattering theory, applied to the case of the Klein-Gordon equation on asymptotically Minkowski space [GW19a, GW19b].
1.2. Setting and main results. On M = R 1+d , we consider an asymptotically Minkowski metric g in the sense that: that differs from the Minkowski t coordinate by a term in S 1−ǫ (R 1+d ), ǫ > 0.
Above, g 0 = −dt 2 +dx 2 is the Minkowski metric, and S −δ (R 1+d ) consists of metrics with coefficients behaving as a symbol of order −δ (thus, they decay in all spacetime directions at a −δ rate, and taking derivatives yields stronger decay). The non-trapping is the property that all null geodesics escape to infinity as the affine parameter tends to +∞ or −∞.
We consider the linear Klein-Gordon operator −✷ g + m 2 (where m > 0). In the first step, by constructing new coordinates and by composing −✷ g + m 2 with multiplication operators, we show that the situation can be reduced to an operator P on R 1+d of the form:
is the space of t-dependent pseudo-differential operators obtained by quantizing t-dependent symbols a(t, x, ξ) satisfying:
Thus, (1.4) means that P differs from its Minkowski space analogue P 0 = ∂ 2 t − ∆ x + m 2 by a term that decays simultaneously in t and x (the assumption δ > 1 means that this perturbation is short-range).
As already remarked, the Cauchy evolution U 0 (t, s) of P 0 is generated by the following Hamiltonian, denoted from now on by H 0 :
which is self-adjoint in the energy space. For some fixed γ ∈ 1 2 , 1 2 + δ and m ∈ R we define:
Y is a natural choice of Hilbert space in the context of solving an inhomogeneous Cauchy problem with P u ∈ Y, and then the solution u lies in X . We define the subspace of functions that satisfy Feynman conditions at infinity:
Our main result is the following theorem. GW19b] ). Let P be as in (1.3)-(1.4) with δ > 1. Then P : X F → Y is invertible. Its inverse P −1 F coincides with the Duistermaat-Hörmander parametrix modulo smoothing terms.
The theorem also applies to the original Klein-Gordon operator −✷ g + m 2 on asymptotically Minkowski spacetimes, with minor modifications to account for the change of coordinates.
2. Sketch of the proof 2.1. Proof of Fredholm property. We start by showing the Fredholm property of P : X F → Y. The main ingredient of the proof is the approximate diagonalisation of the Cauchy evolution U(t, s) of P .
In the first step, we use a new variant of the method used before in [Ju96, GW14, GOW17, GW17] to construct a family of elliptic pseudo-differential operators R ∋ t → B(t) such that:
The terms in Ψ −∞,−1−δ sc (R; R d ) are smoothing and decaying, so they are merely compact errors that will not affect the Fredholm property (even though this is quite delicate considering that we mean compactness in the sense of the spaces X F and Y). The proof of (2.6) uses the Ψ k,ℓ sc (R; R d ) symbolic calculus and proceeds recursively, starting from the highest order terms in the poly-homogeneous expansion of B(t).
Next, we show that it is possible to find B(t) as above with the extra property that (B + B * ) −1 (t) exists. This implies that if we set
then the transformation u → u = ( u 1 , u 2 ) is invertible. By (2.6), the equation P u = 0 is equivalent modulo smoothing, decaying errors to the diagonal system P u = 0, where
Let us briefly comment on the invertibility of (B + B * )(t): it is arranged by modifying the original definition of B(t) at low frequencies using the functional calculus. An important technical part of the argument consists then in proving that this spectral-theoretic operation is compatible with the time-dependent pseudodifferential calculus Ψ k,ℓ sc (R; R d ) and does not affect the two properties (2.5)-(2.6).
From now on we focus on the diagonal system (2.7) (for the sake of brevity we disregard here a further transformation made in [GW17, GW19a] which yields simpler preserved quantities). The analogue of the two function spaces X and Y are the spaces
The rôle of the two spectral projections 1 R ± (H 0 ) is now simply played by the projections π ± to the respective two components of u = ( u 1 , u 2 ). Therefore, the analogue of the space X F is
This way, the Fredholm property of P : X F → Y is reduced to the Fredholm property of the equivalent (modulo compact errors) problem P : X F → Y. Note that dealing with the compact errors is not completely straightforward because P , its approximately diagonalized version and the diagonal operator P act on different spaces; for the sake of brevity we omit the details here.
Proposition 2.1. The operator P : X F → Y is Fredholm.
In fact, we can even construct an explicit inverse of P . We set (2.9)
where U (t, s) is the Cauchy evolution of P or equivalently, the evolution generated by the time-dependent Hamiltonian H(t).
To show that P −1 F is a bounded operator from Y to X F , we have to check that the RHS of (2.9) satisfies the Feynman conditions at infinity, and in particular we need a good control of t → ±∞ limits. To that end, observe that the time-dependent Hamiltonian H(t) is asymptotic to the operator
and so the evolution U 0 (t, s) = e i(t−s) H 0 generated by H 0 provides a natural comparison dynamics. Now, the idea is that because π ± commutes with all our diagonal operators, the Feynman conditions lim t→±∞ π ∓ v(t) = 0 are equivalent to lim t→±∞ π ∓ U 0 (s, t)v(t) = 0.
Thus, checking that (2.9) satisfies these conditions amounts to a good control of U 0 (s, t) U(t, s) at large |t|. But instead of doing that directly, we can deduce it from the behaviour of the t derivative: this produces an H(t) − H 0 factor, and the good news is that the time-decay of this difference is well under control thanks to (2.5).
Finally, once we know that P −1 F : Y → X F it is straightforward to check that it is an inverse We refer to [GW19a] for the detailed proof.
2.2. Proof of invertibility. We have proved the Fredholm property of P : X F → Y by showing its invertibility modulo compact terms (which follows from invertibility of P : X F → Y), and so in particular its Fredholm index is 0. Therefore, to conclude that it is invertible we only need to prove that Ker P = {0}.
Let us first illustrate the argument in the diagonalized setting (even though in that case the invertibility can be seen more directly). Let u ∈ Ker P , understood as a subspace of X F . On the one hand side, we show that this implies
as t → ±∞ for some constants c ± . This uses arguments from scattering theory similar to the proof of Proposition 2.1. On the other hand, following an argument due to Vasy [Va19] , for a well-chosen family {χ ǫ } ǫ>0 of smooth functions in t satisfying supp χ ǫ ⊂ {|t| ≤ 2ǫ −1 }, by integration by parts we find:
(2.11) 0 = P u, χ ǫ u − χ ǫ u, P u = −i u, ∂ t χ ǫ u for a suitable inner product for which P is formally self-adjoint. We then split the RHS into a term with π + and a term with π − . By positivity properties of π ± and taking into account the ǫ behaviour of ∂ t χ ǫ , we deduce from (2.11) that the constants c ± in (2.10) are of order O(ǫ δ−1 ). Since ǫ can be taken arbitrarily close to 0, it follows that lim t→∞ u(t) = 0 in L 2 (R d ) ⊕ L 2 (R d ). Therefore, u is a solution with vanishing scattering data, and consequently u = 0.
Crucially, this conclusion is also valid for the approximately diagonalized operator to which P is equivalent. Indeed, modulo smoothing, decaying terms, the approximately diagonal operator equals P (acting on slightly different spaces, to which the argument above still applies). Therefore, the asymptotic properties of solutions are the same as for P , and a perturbative argument can be applied. This implies that Ker P = {0} as asserted.
The detailed proof can be found in [GW19b] .
2.3. Proof of microlocal properties. Using Fourier Integral Operators techniques, Duistermaat and Hörmander have constructed a Feynman parametrix H F in the sense of being an inverse of P (on say, test functions) modulo smoothing terms (but not necessarily compact) [DH72] . They have shown that H F is characterized uniquely modulo smoothing term by the wavefront set of its Schwartz kernel. Therefore, one way of proving that our inverse P −1 F coincides with H F modulo smoothing terms is to show that the wavefront sets are equal.
Let us recall that if u is a distribution, its wavefront set WF(u) ⊂ T * M is defined as follows: (t, x, τ, ξ) ∈ T * M \ o is not in WF(u) if there exists a pseudodifferential operator A (say, properly supported) such that its principal symbol σ pr (A) is non-zero at (t, x, τ, ξ) and Au ∈ C ∞ (M). In particular, if P u = 0 then WF(u) ⊂ σ pr (P ) −1 ({0}) (the characteristic set of P ). In our case of interest the characteristic set has two connected components, denoted in what follows by N + and N − . For instance, on Minkowski space, N ± = {τ = ±|x|} and it is not difficult to see that solutions of the half-Klein-Gordon equation (D t ∓ √ −∆ x + m 2 )u = 0 propagate with wavefront set in N ± .
We only very briefly explain the idea of the proof. Without writing the explicit formula, we stress that what is specific about the wavefront set of H F is that it distinguishes between the direction of propagation in the two components N ± of the characteristic set of P .
First of all, the transformation that, modulo smoothing terms, replaces P by P , does not affect wave front sets. In consequence we are reduced to estimating the wavefront set of P −1 F , defined in formula (2.9). The crucial observation is that in that formula, disregarding components that are identically zero, π + U (t, s) is the evolution generated by the elliptic family B(t) with positive principal symbol, whereas π − U(t, s) is generated by the family −B * (t) with negative principal symbol. This corresponds precisely to propagation within N ± , and the time integrals in (2.9) account for the correct direction of propagation. This information can be then used to deduce the full wavefront set of P −1 F and thus of P −1 F . The detailed proof can be found in [GW19a] .
Further related results
3.1. Related recent works and outlook. We conclude the discussion by mentioning a couple of further related results.
We remark that as already indicated in the introduction, the Feynman problem is closely related to the limiting absorption principle for P = −✷ g + m 2 . The essential self-adjointess of P and the fact that P −1 F = lim ε→0 + (P − iε) −1 in the sense of operators acting between suitable Hilbert spaces (different from L 2 (M, g)) was shown by Dereziński-Siemssen in the case of static spacetimes [DS18, DS19a] . The more difficult case of non-trapping Lorentzian scattering spaces (closely related to the asymptotically Minkowski spacetimes considered here) was solved by Vasy [Va19] (improving this way an earlier result on positivity of propagator differences [Va17] ). Very recently, Nakamura-Taira gave a proof of essential-self-adjointness for a broad class of metrics with asymptotically constant coefficients [NT19] . We also mention earlier works on Strichartz estimates [MT15, Ta17] , which include essential self-adjointness results under more restrictive assumptions.
One of the motivations for the Feynman problem comes from its similarity to a result of Bär-Strohmaier, who proved the Fredholm property of the massless Dirac operator with conditions analogous to the ones considered here, but at finite times [BS19] . These can be then interpreted as a Lorentzian version of the Atiyah-Patodi-Singer boundary conditions, and the work [BS19] provides indeed a geometric formula for the index, which can also be interpreted in Quantum Field Theory as the created charge [BS16] .
A more abstract version of our setting was recently considered by Dereziński-Siemssen [DS19a] , who gave sufficient conditions for Feynman inverses, formulated in terms of the asymptotic spectral projections and their image by scattering operators. The work [DS19a] also discusses Fock space implentability and explains how the Feynman propagator provides a rigorous interpretation of the in-out expectation value of time-ordered products of fields often considered by physicists.
In summary, this collection of results demonstrates that the Feynman propagator or inverse is the closest Lorentzian analogue of the boundary value of the Laplacian resolvent. Its important rôle in quantum physics, its ties to the global geometry and its possible relationships with local geometric quantities makes it an extremely interesting object for further investigations.
